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Abstract. We construct a Hereditarily Indecomposable Banach space 
with a Schauder basis (e„)„gN on which there exist strictly singular non- 
compact diagonal operators. Moreover, the space £diag(3£d) of diagonal oper- 
ators with respect to the basis (en)„gN contains an isomorphic copy of £oo(N). 
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1. Introduction 

In the present paper we study the structure of the diagonal operators on Hered- 
itarily Indecomposable spaces having a Schauder basis. The class of Hereditarily 
Indecomposable (HI) Banach spaces was introduced in the early 90's by W.T. Cow- 
ers and B. Maurey [23j and led to the solution of many long standing open problems 
in Banach space theory. Since then the class of HI Banach spaces, as well as the 
spaces of bounded linear operators acting on them have been studied extensively. 

We begin by recalling that an infinite dimensional Banach space X is HI provided 
no closed subspace F of X is of the form Y — Z ®W with both Z, W being of 
infinite dimension. For a Banach space X we shall use C(X) to denote the space 
of bounded linear operators T : X — > X, while the notation S(X\ Yi{X) will stand 
for the ideals of strictly singular and compact operators on X respectively. As was 
shown by Gowers and Maurey ([23]), for a complex HI space X, every T S >C(X) 
takes the form T = A/ + S* with A S C and S £ S{X) (by / we shall always denote 
the identity operator). However, it is not true in general, that each T S C.(X\ 
for a real HI Banach space X, can be written as T A/ + S* with A G R and 
S e S{X); although this happens for the space Xqm of Gowers and Maurey [23] 
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and for the asymptotic £i HI space Xad constructed by Argyros and Deliyanni 
[5j (for a proof see e.g. [13]). V. Ferenczi proved ([17]) that for every real HI 
space X, the quotient space £{X) /S{X), is a division algebra isomorphic to M, to 
C, or to the quaternionic algebra H. V. Ferenczi '18] has presented two real HI 
Banach spaces Xc and Xm with C{Xc)/S{Xc) isomorphic to C and C{Xm)/S{Xm) 
isomorphic to H. A variety of spaces X with a prescribed algebra C{X) /S{X) were 
provided by Gowers and Maurey in [21] . Although these spaces X are not HI, they 
do not contain any unconditional basic sequence, hence, Gowers' dichotomy f[21j. 
[22]) yields that they are HI saturated. Argyros and Manoussakis [TT], provided an 
unconditionally saturated Banach space X with the property that every T g C{X) 
is of the form T = XI + S with S G S{X). 

The problem of the existence of strictly singular non-compact operators on HI 
spaces has been studied by several authors. The first result in this direction, due to 
Gowers ([10])j is an operator T : y — > Xqm, for some subspace Y of the Gowers- 
Maurey space Xgm, such that T is not of the form T = Xiy^x + K with K compact, 
where iy.x is the canonical injection from Y into X. Several extensions of the above 
result have been given in [1] , [2] and [29] . 

Argyros and Felouzis (ffj) using interpolation methods, provided examples of 
HI spaces on which there do exist strictly singular non-compact operators. G. 
Androulakis and Th. Schlumprecht [5] constructed a strictly singular non-compact 
operator T : Xgm Xqm, while G. Gasparis [19], constructed strictly singular 
non-compact operators in the reflexive asymptotic £i HI space Xad of Argyros and 
Deliyanni. K. Beanland has extended Gasparis' result in the class of asymptotic £p 
HI spaces, for 1 < p < oo, in [l4] . 

The structure of C{X) has been also studied for non-reflexive HI spaces ([13|. 
[Iji [22] )• It is notable that in all these examples, each strictly singular operator 
T € C{X) is a weakly compact one. It is an open problem whether there exists 
an HI Banach space X and T e C{X) which is strictly singular and not weakly 
compact. 

The scalar plus compact problem was recently solved by S. Argyros and R. 
Haydon [8j. It is shown that there exists an HI £i predual Banach space Xk such 
that every T : Xk Xk is of the form T = XI + K , with K a compact operator. 
The corresponding problem for reflexive spaces remains open. 

The present paper is devoted to the study of the subalgebra of diagonal operators 
of a HI space X with a Schauder basis (e„)„gN- Let' s recall that for a Banach 
space X with an a priori fixed basis (e„)„gNj a bounded linear operator T . X ~^ X 
is said to be diagonal, if for each n. Ten is a scalar multiple of e„, Te„ — A„e„. We 
denote by Cdis,g{X) the space of all diagonal operators T : X ^ X . Note that if the 
diagonal operator T is strictly singular then the sequence (A„)„gN of eigenvalues of 
T converges to 0. 

As is well known, when the basis (e„)„gN of the space X is an unconditional one, 
the space £diag(^) is isomorphic to ^oo(I^) and operator T e £diag(Ar) is strictly 
singular if and only if T is compact and this happens if and only if the sequence 
(An)ngN of eigenvalues of T is a null sequence. 

The following question arises naturally. 

(Q) Do there exist strictly singular non-compact diagonal operators on some HI 
space with a Schauder basis? 
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The ann of the present paper is to give a positive answer to (Q), by defining a HI 
space Xd with a basis, on which there exist strictly singular non-compact diagonal 
operators. More precisely the space CdiagiXd) contains isomorphic copies of ^oo(N) 
in a natural manner. 

It is worth pointing out that the construction of strictly singular non-compact 
diagonal operators lies heavily on the conditional structure of the underlying space 
Xd- Previous constructions, like [3], [19j . concern the existence of strictly singular 
non-compact operators acting on the unconditional frame of the HI spaces. In 
particular Gasparis (,19J) based his construction on an elegant idea which allowed 
him to define a mixed Tsirelson space T[{Snj , such that its dual T* [(5„^. , 

admits a Cq spreading model. An adaptation of Gasparis method in the frame 
of T[(^„^,^)j] is the first of the fundamental ingredients in our construction. 
More precisely, for an appropriate double sequence (rnj,nj)j, it it shown that the 
dual space T*[{Anj, admits a cq spreading model. It is not known whether 

each mixed Tsirelson space of the form T[{Anj, not containing any £p{N) 

or co(N), shares the aforementioned property. This problem remains open even for 
Schlumprecht' s space S = T[{An, log („+!) )»] ([28]). As follows from [26], the space 
S admits a £i spreading model. This, however, does not guarantee the existence of 
a Co spreading model in S*. 

The second ingredient of our construction, is the finite block representability of 
the space Jtq in every block subspace of Xd- The space Jtq, defined in [10], has 
a Schauder basis (in)nGN which is conditional and dominates the summing basis 
of Co . We shall discuss in more detail the above two ingredients in the rest of the 
introduction. 

In section [21 we define a mixed Tsirelson space To — T[{Anj, with an 

unconditional basis, such that its dual space Tq admits a co spreading model. The 
space Tq will be the unconditional frame required for the definition of the HI space 
Xd, in a similar manner as Schlumprecht's space [28] is the unconditional frame for 
the space Xom of Gowers and Maurey [2^ and as the asymptotic £i space Xad 
having an unconditional basis is the unconditional frame for the asymptotic £i HI 
space Xad [Sj. The sequence {mj)j^tn we use for the space To, as well as for the 
space Xd, is inspired by Gasparis work ([E]) and is defined recursively as follows 

mi — 1712 — 2, and rrij — Tn^j^i = mi ■ m2 • . . . • nij^i for j > 3, 

while we require that the sequence (?^j)jeN increases rather fast, namely 

ni > 2"^TO3 and Uj > (4nj_i)^ • mj for j > 2. 

As it is well known, the norm of the space Tq — T[{Anj, satisfies the 

implicit formula 

||a;|| = max{||a::||oo, sup||a;||j|} 
j 

Uj 

where ||a;||j — — sup ^ ||-£'/£2;|| with the supremum taken over all families {Ek)k=i 
™^ fc=i 

of successive finite sets. Note that the Schauder basis (ei);gN of To is subsymmetric 
and also each || \\j is an equivalent norm on To. 

The fundamental property of mixed Tsirelson spaces, like the above To, is a 
biorthogonality described as follows. There exists a null sequence {ei)i of positive 
numbers, such that for every infinite dimensional subspace Z and every j G N, 
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there exists a vector z G Z with ||zj|| ~ \\zj\\j and \\zj\\i < £min{'i,j}- A transparent 

TLj 

example of this phenomenon are the vectors of the form yj = — - ^ e; in Tq, 

1=1 

satisfying the foUowing properties. \\yj\\ = WvjWj = 1 while \\yj\\i < for i < j 
and llyjil, < ^ for i > j. 

As follows from Gasparis method the above unique evaluation of the vectors 
{yj)j is no longer true for all averages of the basis. More precisely setting pj — 
rii ■ n2 ■ . ■ ■ ■ rij^i the following holds. 

Proposition 1.1. For every j > 3 we have that 

-E^'ii ^ — ■ 

J-1 J-1 Pi 

As Pj = Y\ rii and rrij = ]^ m^, it is easily shown that — < |1— ^'11* ^'^^ 

i=l i=l ™^ 1=1 

1 < * < i- Hence we conclude that, unlikely for the vectors — J2 vectors 

1=1 

— - X ei have simultaneous evaluations by the family of norms (|| ||i)i<i<j. This 
1=1 

actually yields that if we consider successive functional (0j)°^3 of the form (f)j — 
7^' S 6/* with #{Fj) = Pj, then the sequence {(f>j)fL^ generates a cq spreading 

model in Tq . The proof of Proposition 1 1 . II is more involved than the corresponding 

one for the vectors — ei and requires some new techniques which could be of 

1=1 

independent interest. 

The existence of a sequence generating a Cq spreading model in the dual space 
Tq is the basic tool for constructing strictly singular non-compact operators on Tq. 
This follows from the next general statement which is presented in Proposition [5Tl] 
of section [21 

Proposition 1.2. Let X,Y he a pair of Banach spaces such that 

(i) There exists a sequence (a;* )„gN in X* generating a Cq spreading model. 

(ii) The space Y has a normalized Schaudcr basis (e„)„gN and there exists a 
norming set D oi Y (i.e. D C Y* and \\y\\ — sup{/(j/) : / S D} for every 
y E Y), such that for every e > there exists Mg S N such that for every 

#{neN: |/(e„)| >£}< A/,. 

Then there exists a strictly increasing sequence of integers (<?„)„gN such that the 
operator T : X ^ Y defined by the rule 

oo 
n=l 

is bounded and non-compact. 

The fact that every mixed Tsirelson space of the form T[(A„^-, satisfies 
condition (ii) of the above proposition, yields that there exist strictly singular non- 
compact operators S : Tq ~* Tq. 
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In section m the space Xd is defined with the use of the above defined sequences 
(TOj)jgN, (%)jeN- The norming set Kd of the space Xd is defined to be the minimal 
subset of coo(N) such that: 

(i) It contains {±e* : n € N}. 

(ii) It is symmetric and closed under the restriction of its elements on intervals 
of N. 

(iii) For each j, it is closed under the {Anj, operation. 

(iv) For each j > 2, it closed under the (y^„2j_^ , --^==) operation on n2j-i 
special sequences. 

The special sequences are defined in the standard manner with the use of a Gowers- 
Maurey type coding function a. Notice that, since mj+i = rrij for j ^ 1, condition 
(iv) is equivalent to saying that the set Kd is closed under the {An2j+n :;^) oper- 
ation on ri2j+i special sequences for each j. Using the standard methods for this 
purpose, we prove that the space Xd is HI. 

In section [SJ a class of bounded diagonal operators on the space Xd is defined. 

These diagonal operators are of the form ^ X^Dj^^^ where {Dj^^)^ is a sequence of 

fe 

diagonal operators with successive finite dimensional ranges. To be more precise, 
for each j and every choice of successive intervals we define a diagonal 

operator Dj : Xd ^ Xd, hy the rule 

-' i=l 

Under certain growth conditions on the set {jk '■ k G N}, we prove that for every 

(Afe)fegN G ^oo(N) the diagonal operator D — Y^ ^kDj^ : Xd ^ Xd is bounded with 

fe 

ll-Dll < Cq ■ sup|Afe| for some universal constant Cq. It easily follows that such 
fe 

an operator D is strictly singular, since the space Xd is HI and lim £)(£„) = 

n 

(Proposition 1.2 of [13 ). 

In order to construct strictly singular non-compact diagonal operators on Xd we 

prove that for appropriate choice of the intervals ((/i'')fl'i)^-^ the corresponding 

diagonal operator ^ Dj^ is non-compact. The main tool for studying the structure 
fe 

of the space of diagonal operators on Xd, is the finite block representability of Jtq 
in every block subspace of Xd- The space Jtq is the Jamesification of the space Tq 
described earlier. This class of spaces was defined by S. Bellenot, R. Haydon and 
E. Odell in [TF. Using the language of mixed Tsirelson spaces, we may write 

with G = {±xi ■ I finite interval of N}. We prove that for every TV e N and every 
block subspace Z of Xd, there exists a block sequence {zk)^^i in Z such that 

N N N 

Mfe^fell Jto ^ II X/ A^fe^felkd < C ■ II ^ Mfe^fell Jto 
k=l fe=l fe=l 

for c a universal constant. The notation (t„)„gN stands for the standard basis of 
JT(j. a similar result in a different context, is given by S. Argyros, J. Lopez- Abad 
and S. Todorcevic in [9], [10]. The precise definition of the space Jtq is given in 
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sectionUl where the theorem of the finite block representabihty of Jtq in every block 
subspace of Xd is stated, postponing its proof for section [71 Section [6] is mainly 
devoted to the construction of the diagonal strictly singular non-compact operators 
on the space Xd- 

For a given block subspace Z of Xd, using ([l} in conjunction with some easy 
estimates on the basis of Jtq, we construct successive block sequences {y'l)'^^i in 
Z, such that 

Pj . . . 

We set Dj{x) = — ^ li x for each j, where /j* — ran(y2i_i)- Let' s point out that 

™^ 1=1 

the diagonal operator Dj acting on the vector Xj = ^ J^i^^Y^^Vi' ignores 

when i is even. This in conjunction with ^ yields that \\xj\\ < 4c, ||Dja;j|| > i. 
For a suitable choice of the set {jk : fc G N}, the diagonal operator D = J^^jk 

k 

is bounded and strictly singular, while it is non-compact (even the restriction of D 
on the subspace Z is non-compact) since for the block sequence {xj^)ken we have 
that llx.JI <4c while \\DxjJ > \. 

Moreover, it is easily shown that for every {\k)k&i G ^oo(N), 

\- ■ sup |Afe| < II Afcl^jJI < Co • sup |Afc| 

k—\ 

hence the space £diag(^d) of diagonal operators of Xd contains an isomorphic copy 
of £oo(f^)- The next theorem summarizes the basic properties of the space X^. 

Theorem 1.3. There exists a Banach space Xd with a Schauder basis (e„)„gN such 
that: 

(i) The space Xd is reflexive and HI. 

(ii) For every infinite dimensional subspace Z of Xd there exists a diagonal 
strictly singular operator D : Xd — > Xd such that the restriction of D on 
the subspace Z is a non-compact operator. 

(iii) The space £diag(^d) of diagonal operators of Xd with respect to the basis 
(e„)„gN contains an isomorphic copy of £oo(P^)- 

As we have mentioned above the scalar plus compact problem remains open 
within the class of separable reflexive Banach spaces. Even the weaker problem 
related to the present work, namely the existence of a reflexive Banach space with 
a Schauder basis such that every diagonal operator is of the form XI + K, with 
K a compact diagonal operator, is still open. In a forthcoming paper [B], we shall 
present a quasireflexive Banach space Xd with a Schauder basis, such that the 
space £diag(X_D) is HI and satisfles the scalar plus compact property. 

2. The mixed Tsirelson space Tq = T[{An^, 

This section is devoted to the construction of a mixed Tsirelson space Tq with an 
unconditional basis, such that the dual space Tq admits a sequence which generates 
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a Co spreading model. This space is of the form Tq = T[{Anj, ;^)jeN] with a very 
careful choice of the sequence 

Notation 2.1. For a finite set F, we denote by #F the cardinality of the set F. 
We denote by An the class of subsets of N with cardinality less than or equal to n, 

An = {Fcn: #F<n}. 

By Coo(N) wc denote the vector space of all finitely supported sequences of reals 
and by either {ei)°Zi i^Di^u depending on the context, its standard Hamel basis. 

oo 

For X = ^ UiBi £ Coo(N), the support of x is the set suppx = {i e N : ^ 0} 
i=i 

while the range ran a; of x, is the smallest interval of N containing suppa;. For 
nonempty finite subsets E, F of N, we write E < F \{ max-E < minF. For n e N, 
C N we write n < E (resp. n < E) ii n < minE (resp. n < mini?). For x,y 
nonzero vectors in coo(N), x < y means suppx < suppy. For n £ N, x £ Coo(N), 
we write n < x (resp. n < x) if n < suppa; (resp. n < suppa;). We shall call 
the subsets (£^i)r=i of ^ successive if Ei < E2 < ■ ■■ < En- Similarly, the vectors 

{xi)f^i are called successive, if a;i < a;2 < • • • < a;„. For x = J2 ^i^i ^ ^ subset 

i=l 

00 

of N, we denote by Ex the vector Ex = J2 ^i^i- Finally, for f = J2 Ae* G coo(N) 

ieE 2 = 1 

00 00 

and a; = ^ aiCj e coo(N) we denote by f{x) the real number f{x) = ^iPi- 

i=l i=l 

Definition 2.2. Let n e N and 6 £ (0, 1). 

(i) A finite sequence (/i)|=i in coo(N) is said to be An admissible if fc < n and 
/i < /2 < • • • < /fe. 

(ii) The {An, 0) operation on coo(N) is the operation which assigns to each An 
admissible sequence /i < /2 < • • • < /fe the vector 6{f\ + /2 H + /fe)- 

Definition 2.3. Given a pair {mj)j^i, {nj)j^i of either finite (/ = {l,...,fc}) 
or infinite (/ = N) increasing sequences of integers we shall denote by if = 
K[{mj,nj)j^i] the minimal subset of coo(N) satisfying the following conditions. 

(i) {±e* : i£N}cK. 

(ii) For each j £ I, K is closed under the {Anj, operation. 

It is easy to check that the set K is symmetric and closed under the restriction 

of its elements on subsets of N. 

Let j e N. U f £ K is the result of the {An^, ^) operation on some sequence 
h < f 2 <■■■< fk {k < rij) in K, we shall say that the weight of / is mj and we 
shall denote this fact by w{f) = rrij. We note however that the weight w(/) of a 
functional / G if is not necessarily uniquely determined. 

Definition 2.4. [The tree Tf of a functional f £ K] Let f £ K. By a tree of / (or 
tree corresponding to the analysis of /) we mean a finite family Tf = {fa)aeA in- 
dexed by a finite tree A with a unique root £ A such that the following conditions 
are satisfied: 

(i) /o = / and fa £ K for all a £ A. 

(ii) If a is maximal in A, then fa = ±ej^ for some A; e N. 
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(iii) For every a Cz A which is not maximal denoting by Sa the set of immediate 
successors of a in ^ the following holds. There exists j S N such that the 
family {fp)i3eSa -^"j admissible and /a = fp- ^^i^ '^^^ 

that w{fa) — rrij. 

The order o(/a) for each a e is also defined by backward induction as follows. 
If fa = ±el then o{fa) = 1, while if = J2 fp then o{fa) = 1 + max{o(/^ : 

/3 € Sa]- The order o(T/) of the aforementioned tree is defined to be equal to o(/o) 
(where G .4 is the unique root of the tree A). 

Remark 2.5. An easy inductive argument yields the following. 

(i) Every f € K admits a tree, not necessarily unique. 

(ii) For every e _ftr, if supp((/)) = {fci < fc2 < • ■ ■ < k^} then for every 

d 

< ^2 < ■ • • < hi N the functional ip — J2 'P{ski)et also belongs to the 

i=l 

set K. 

(iii) For every (p G K and every E C N the functional Ecj) also belongs to the 
set K. 

oo 

(iv) If </) = X UiCi G K, then for every choice of signs (£i)^i the functional 

4=1 

oo 

X eittiCi also belongs to K . 

4=1 

Definition 2.6. The order o(/) of an / e if, is defined as 

o(/) = min{o(T/) : T/ is a tree of /}. 

In general, given a symmetric subset W of coo(N) containing {±e^ : fc G N}, the 
norm induced by W on coo(N) is defined as follows. For every x E coo(N), 

\\x\\w^snp{f{x) : feW}. 

In the case where W = K — K[{mj,nj)j(zi] for a given double sequence {mj,nj)j^i, 
the completion of the corresponding normed space (coo(N), || • \\k) is denoted by 
T[{Anj, :^)jei] and is called the mixed Tsirelson space defined by the family 
{Arij, The norming set K is called the standard norming set of the space 

Remark 2.7. (i) As follows from Remark[23^iii) , (iv), the Hamel basis (ej)jgN 
of coo(N) is a 1-unconditional Schauder basis for the space T[{Anj , -;^)jei]- 
(ii) If X G coo(N) with suppx = {fci < A:2 < • • • < k^} and li < I2 < ■ ■ ■ < Id 

d 

then the vector y — J2 ^k i^)^h satisfies \\x\\k — WuWk, thus the basis 

4 = 1 

{ei)ieN is subsymmetric. This is also a consequence of Remark 12.51 

For the definition of the space Tq and of the Hereditarily Indecomposable space 
Xd later, we shall use a specific choice of the sequences (TOj)jgN i('T^j)jeN described 
in the next definition. In the sequel (mj)j^fi, {nj)j^fq will always stand for these 
sequences. 
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Definition 2.8. [The sequences (mj)jgN ,{nj)jeti and the space To] 
We set TOi = 7712 = 2, and for j > 3 we define 

i-i 

rrij = rn^^i = m^. 

2 = 1 

We choose a sequence {nj)°^^ as follows: ni > 2^m3, and for every j > 2 we choose 

rij > (4nj_i)^ -rrij 

Observe, for later use, that nj > 2-'+^mj+2 while, setting pj = ni ■ n2 ■ ■ ■ ■ ■ 
we have that rij > jpj. We notice here that the numbers {pj)j>3 will play a key 
role in our proofs. 
We set 

and we denote by Kq the standard norniing set of Tq. 

Our aim is to prove that Tq* has a block sequence which generates a cq spreading 
model (Proposition I2.13P . The main step of the proof is done in Lemma 12.101 
For its proof we need to recall the definition of the modified Tsirelson spaces 
TM[{-An, 0n)nei]- For a given (finite or infinite) subset / of N and a sequence {9n)nGi 
in (0,1), with lim 0„ = if / is infinite, the set Km = ^a/[(-4„, 0„),ig/] is 

n^l .n — >oo 

defined as follows: 

The set Km is the minimal subset of coo(N) with the following properties: 

(i) {±el : fc e N} C Km- 

(ii) For every n € I, every m < n and every sequence {(f>k)™=i in Km with 

m 

pairwise disjoint supports, we have that 6'„( ^ (j)k) E Km- 

k=l 

We define the norm || • on coo(N) by the rule 

||a;||M = sup{0(a;) : S Km] 

for every x G coo(N). The space TM[{An,On)nei\ is the completion of the space 
(coo(N),||-||m). 

It is proved in [TO] that a space of the form X = r[(y^„. , ;^)*L]^] is isomorphic 
to ^p(N) for some 1 < p < oo (or co(N)). Under the condition that the sequence 
( log,„. (rii))*^ is increasing (which is satisfied by the sequences (m^) and (n^) used 
in the definition of Tq) this p is the conjugate exponent oi q = log„^(nfc). In 
particular, it is shown in [TB] that, for every / G coo(N), we have ||/||q < ||/||x*, 
where || • \\q denotes the norm of ^q(N). 

Using the same argument (induction and Holder's inequality) one can also get 
the inequality \\f\\q < ||/||x*j- where || • ||x*j is the norm of the dual of the modified 
space Xm — Ja,/[(-4„;, ;;^)^^i]. We note for completeness that, using the obvious 
inequality li/llx*^ < , we get that in fact Xm is isomorphic to X (and £p(N)). 

Lemma 2.9. Let j G M, j > 3. We denote by KmU — 2) the norming set of 
the modified space Tm[(»4„;, Let (j> e KmU — 2) be such that, for every 

I G supp((/)), we have that (f>{ei) > Then, 

#SUpp((j!)) < Tlj^l. 
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Proof. For the space Xm ~ where {mi)i and {ni)i are as in the 

definition of To, the inequaUty \\4>\\q < ||'/>||x*j with q = log,^^ ^ ("•j-2) impHes the 
foUowing: li (f> <E Bxi^ and (/)(e;) > ^ for every I e supp((/)), then 

(#supp(0))V' ^ „^„ 

< Mq < MXI, < 1. 

Since rrij = m'j_2 and n'j_2 < nj^i, we get that ^supp((/)) < to' = (TOj_2)^ = 
Lemma 2.10. Let j > 3 and let fci < A:2 < • • • < kp. . Then 

Proof. From the subsymmetricity of the basis {ei)i^m fRemark l2.7f ii)) it is enough 

to show that || J2 ejll < Let / e Kq; we shall show that f{J2 e/) < We 

1=1 ™^ i=i ™^ 

may assume that /(e/) > for all I (Remark [23Uiv)). 

We set D = {I E supp(/) : (/)(e/) > and we define (f> = flo and V' = /|n\_d- 
P] Pi ^ 

Since obviously ^i) ^ it is enough to show that (t){J2 ^i) < ^f^- 

i=l ^ i=l ' 

Fix a tree analysis = (0a)aGyi of the functional (p. For every / G supp(0) we 
define the set Ai = {i : 3a € A with I € supp(/a) and w{fa) = rrii} and for each i £ 
Ai we denote by di^i the cardinality of the set {a E A : I E supp(/a) and w{fa) — 
rrii}. Then, for each / e supp(0), 

Thus we have that Y\ to^' ' < rrij which in conjunction to the fact that di^i > 1 
leAi 

for each i E Ai and taking into account that rrtj — toi • m2 • . . . • rrij-i we get the 
following: 

(1) Ai is a proper subset of {1, . . . ,j — 1}. 

(2) If j — 1 e Ai, then dij-i = 1. In general, if j — 1, . . . , j — fc G Ai, then 
dij-i = dij-2 = ■ ■ ■ = dij-k — 1- 

We partition the set supp(0) in the sets {Bi)i^l defined as follows. We set 

Bj-i ^{le supp(0) : j - 1 ^ Ai}, 

and for — 2, . . . , j — 1, we set 

Bj^k ^ {I E supp(0) : j — i G Ai for 1 < i < k and j — k ^ Ai}. 

In the following three steps we estimate the action of (j) on -Bj-i, Bj^2 and (in 
the general case) on Bj^k- 

Step 1. The functional 0|_Bj_i satisfies the assumptions of Lemma [2.91 hence 
\H ^ #(supp J) < %--i. 



n4 

zl, TO, 
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Step 2. Let (f)' = 0|_B _2 ^nd let T^/ = {fa)aeA' be the restriction of the analysis 
Tcj, on Then, for every I E supp((/)') = there exists exactly one a E A' 

such that I e supp(/a) and w{fa) — TOj-i. 

Claim. There exist disjointly supported functionals {4>s)^^i such that 

s—l 

with (j)s e KmU — 3) for 1 < s < ?T-j-i- 
Proof of the Claim. Let 

B = {ae A' : w{fa) = TOj-i}. 
By the definition of the functionals {fa)aeBi have pairwise disjoint supports and 

IJ supp(/a) = supp(0')- 

aeB 

For each a G we write 

1 1 

/a = / J //3 ~ / . 

/3eSa fc=l 

where = if #S'a < k < nj-i. 

We now build the disjointly supported functionals (0s)s4l^- We fix s and we 
define inductively the analysis {f^).yeA' of 4's as follows: Let 7 e -4' be a maximal 
node, i.e. fj = e\_^ . Then there exists a unique a E B such that 0^7. If 7 = as 
or as ^ 7, then we set = Otherwise, we set = 0. 

Let now 7 € y^', 7 not maximal, with /-^ = ^ and assume that /|, 

P E Sj, have been defined. If 7 ^ S then we set /* = ^ /|. If 7 G 6 then 
"j~i 

/t = ^ E and we set = 

This completes the inductive construction. It is now easy to check that the 
functionals (j>s = /o, s = 1, . . . ,nj-i, (recall that G .4 is the unique root of the 
tree A) have the desired properties and this completes the proof of the claim. □ 

Since (f>'{ei) — <j>{ei) > ^ for each I £ supp(0') it follows that for every s, 
1 < s < fij^i and every I G supp((/)s), we have that 

(l)s{ei) > — = . 

rrij "ij-i 

Thus, for every s — the functional (ps satisfies the assumptions of 

Lemma [231 with j replaced by j — 1, so 

#supp(0>;) < nj-2- 

It follows that 



1 



^ "3-1 

/e-Bj-2 s=l iGsupp(0J 



Step 3. Let 3 < fc < j — 1, set 0' = and let T^' = ifa)aeA' be the 

corresponding analysis. Then, for every I G supp((/)') and for every i = 1, . . . , fc — 1, 
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there exists exactly one a Cz A' such that I G supp(/a) and w{f) — mj-i. As in 
Step 2, it follows by induction that we can write 



1 1 1 



^nj-fc+i-.-.-rij-i 



E 



where the functionals (0s)"4i'°^^ ^ have pairwise disjoint supports for 1 < s < 
• ■ • ■ ■ JT-j-i, 0s G KmIJ — k — 1) while for every Z € supp((/)s), 



0s (e;) > 



TOj_i • . . . • trij^k+i _ 1 



For every s, the functional 0s satisfies the assumptions of Leinma l2.9l with j replaced 
by — fc + 1 , so 

#supp(0s) < "-j-fc- 

It follows that 

0( ^ ei) < • nj_2 • • • • • n^-fc+i) • n^-k- 

We conclude that 

Po 

0(EeO < 0( E eO + --- + 0(^ ei) 
1=1 leBj-i leBi 

1 1 

< H '^7-in,-_2 + ■ • • H • . . . • 

TOj-i TOj-i • . . . • rrij^k+i 

1 

H 1 rij-i ■ . . .■ ni 

rrij^i ■ . . . ■ 1712 



1 yn 

1 H ( ^ nj_i • . . . • rij-fc) 

"ij ^ TOj-i • . . . • nij-k+i 



(using the property > 2^^^mi^2) 
i-2 



1 . ■r-^ 1 s 7712 



i-2 



< 



< 



1 />r^ 1 s ^ 



Pi 



The proof of the lemma is complete. □ 

Definition 2.11. We say that a sequence {zn)neti in a Banach space Z generates a 
Co spreading model provided that there exists a constant C > 1 such that for every 
s < ki < k2 < ■ ■ ■ < kg, the finite sequence (^fejf^i is C equivalent to the standard 
basis of ^" . 
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Remark 2.12. A sequence {zn)neN generating a co spreading model is necessarily 
weakly null. Indeed, assume the contrary. Then there exists e > 0, f E Z* and 
M an infinite sequence of N such that f{zn) > e for all n £ M. Choose s > ^ 
(where C is the constant of the cq spreading model) and s < ki < k2 < ■ ■ ■ < kg 
with ki e M. Then from our assumption about the sequence (z„)„gN we get that 
ll^^fei + Zfca + • • ■ + ^feJI < C. On the other hand the action of the functional / yields 

s 

that + + • ■ ■ + Zk^W > fi^ki) > se > C, a contradiction. 

Proposition 2.13. There exists a block sequence in Tq which generates a cq 
spreading model. 

Proof. Let {Fj)°^^ be a sequence of successive subsets of N with ^Fj = pj, for 
each j = 3,4, — For j = 3, 4, ... we set 



= E ^^ 

Then (jjj e Kq, thus < I, and 



Pj f—i, iTii 



From Lemma [2.101 we get that 



I, 1 I, 4 

II- J2 '^''ii ^ — ■ 

It follows that, for every j ~ 3,4,. 



\<m\<i- 

We shall show that the sequence {cf)j)fL^ generates a cq spreading model. This is a 
direct consequence of the following: 

Claim. For every s e N, s > 3, and every choice of indices ji < j2 < ■ ■ ■ < is with 

s 

•s < ii, the functional ^ (pj,. belongs to Kq. 

k=l 

Proof of the Claim. Fix s and ji < j2 < ■ ■ ■ < js G with s < ji- For every 
A; = 2, 3, . . . , s, we write 

4'jk = Y] = — E 

Since 

#^j;c = Pifc = rii • . . . • • • . . . • nj,_i = p^, • (n^^ ■ n^.+i • . . . • 



we can partition the set Fj^, into Pj^ successive subsets {G\^^^2\ where #(7^ 



• for every I = \,. . . ,pj^. 

Then, for every / = \,. . . ,pj^, the functional 

V'f = ^ E < 
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I = 



belongs to Kq. It follows that, for every fc = 2, . . . , s, we can write 

^1 1=1 

where supp(-0f ) < supp('i/'2) < • ■ • < supp(?/'p^. ) and tpf G Kq for every 
1, . . . tPji- Since s < ji and spj-^ < jiPj^ < nj-^, we get that the functional 

y^Pji '^=2 / J 

belongs to Kq. This completes the proof of the Claim. □ 

The proof of the claim finishes, as we have mentioned earlier, the proof of the 
proposition. □ 

3. Strictly singular non-compact operators on Tq 

The main step in other examples, where strictly singular non-compact operators 
are produced on Hereditarily Indecomposable Banach spaces (e.g. [3], [H]), is 
the contsruction of strictly singular non-compact operators on the mixed Tsirelson 
spaces which are the unconditional frames of those space. In this section, we show 
how the existence of a sequence generating a cq spreading model in Tq (Proposition 
I2.13p . leads to strictly singular non-compact operators on Tq. In Proposition 13. 1[ 
which is of general nature, we prove how the existence of a cq spreading model in 
X* leads to strictly singular non-compact operators T : X Y ioi certain spaces 
y, and then we apply this proposition to obtain the aforementioned result. 

We also notice that it is not known whether each mixed Tsirelson space which 
is arbitrarily distortable admits a strictly singular non-compact operator. 

Proposition 3.1. Let X,Y he a pair of Banach spaces such that 

(i) There exists a sequence (x* )„gN in X* generating a cq spreading model. 

(ii) The space Y has a normalized Schauder basis (e„)„gN and there exists a 
norming set D oi Y (i.e. D C Y* and \\y\\ — sup{/(y) : / S D} for every 
y E Y), such that for every e > there exists e N such that for every 

#{neN: |/(e„)| > £} < M,. 

Then there exists a strictly increasing sequence of integers {qn)neN such that the 
operator T : X ^ Y defined by the rule 



oo 



n=l 

is bounded and non-compact. 

Proof. Since the sequence (a:*)„gN generates a Cq spreading model it is weakly 
null, hence, since it belongs to a dual space is also w* null. From a result of W. B. 
Johnson and H. P. Rosenthal ([25]), passing to a subsequence we may assume that 
{x*JneN is aw*— basic sequence. In particular there exists a bounded sequence 
{xn)neN in X such that (a;„,a;*)„gN are biorthogonal (i.e. x*{xj) = Sij for each 
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We select {9j)j^f^ a strictly decreasing sequence of positive reals, with 9i = 1, 

oo 

such that J2 j^j < Prom our assumption (ii) we may select a strictly increasing 
sequence {qn)nen in N such that for every j e N and every f £ D, 

#{neN: \f{en)\>e,+i}<q,. 

oo 

We claim that the operator T : X ^ Y defined by the rule T{x) = J2 ^*qn {^)^n is 

n=l 

bounded and non-compact. 

We first show the boundedness of the operator T. Let x G X and f G D. For 
each j we set 

B,={neN: 9,+i < |/(e„)| < 0,}. 

From the definition of the sequence {qj)jen it follows that #{Bj) < qj. We partition 
each set Bj in the following way: 

Cj = {n G Bj : n> j} and Dj = {n G Bj : n < j} 

Obviously #{Dj) < j — 1. Since also 

#{g„ : n G Cj} = #{Cj) < #{Bj) < qj < min{g„ : n G Cj}, 

using our assumption (i), it follows that ^ |a;*^(a;)| < C||a;||, where C is the 

neCj 

constant of the cq spreading model. Thus for each j, 

l/(en)l • KSx)\ = • KM\ + E • KM\ 

nEBj n^Cj nGDj 

< 0jC\\x\\ + ej{j-i)c\\x\\=jejC\\x\\. 

It follows that 



n=l 



< E E \f{en)\-\xl{x)\ 

j=l neSj 



< 

OO 

Therefore the operator T is bounded with ||r|| < C{J2 jOj). 

i=i 

Finally we prove that the operator T is non-compact. The sequence (.T„)„gN is 
bounded, while from the biorthogonality of sequence (a;„, a;* it follows that for 
i < j, 

OO ^ 

\\TXg^ -TXq^W = -Xq,)en\\ = - EjW > ^ 

n=l 

where K is the basis constant of (e„)„£N. Therefore T is a non-compact operator. 

□ 

Proposition 3.2. There exists a strictly singular non-compact operator 5 : Tq ^ 
To. 
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T' 



Proof. Let X,Y denote the spaces X = Tq = T[(Aij, ;^)ieN], Y 
T[{Anj^i, :;^)j<£N] respectively and let Kq, K'q be their standard norming sets. 
From Proposition 12.131 there exists a block sequence (x'^)neN in X* = Tq* which 
generates a cq spreading model. We also select a bounded block sequence (x„)„gN 
in To with rana;„ = ranx* such that cc* (a;„) = 1. The standard basis (e„)„gN is a 
normalized Schauder basis of the space Y, while for every j and for every g Kg 
it holds that 

#{n e N : |(/.(e„)| > — } < {n,f 

(the proof of this statement follows similarly with those of Lemma 12.91 and of the 
claim in the proof of Lemma l¥7f)l . Proposition 13. II viclds the existence of a strictly 
increasing sequence of integers (g„)„gN such that the operator T : Tq ^ Tq defined 
by the rule 

n=l 

is bounded. 

Since the norming set Kq of Tq is a subset of the norming set K'q of Tq, the 
formal identity map / : Tg — > Tq defines a bounded linear operator. We show that 
the operator / is strictly singular. Let Yi be any block subspace of Tq and let j £ N. 
We may select a block sequence (2/1)"=!^ i'^ ^1 ^^(^^ that the sequence {Iyi)"lY 
a (3,^—) R.I.S. in Tq with ||/yJTo > 1, and thus WyAW' > 1. (The technical 



details for the above argument and the definition of R.I.S. are similar to those of 
Definition 14. 9[ Lemmas 14.131 l4T4l 14.151 and Proposition 14.161 ) From the analogue 
of Proposition 14. 1 II for the space To it follows that 



lyi + Iy2 



lyn 



rij+i 



< 



6 



On the other hand, selecting fi e Kq with ran/i C ranj/^ and fi{yi) > 1 for 
i ~ 1,2, . . . , rij^i, the functional 

/=—(/l+/2 + -- ■ + + 

rrij 

belongs to the norming set K'q, while its action yields that 



2/1 + 2/2 H h 2/n^4 



> 



Therefore the vector y 



1 



J2 yi belongs to the subspace Yi and 



\iy\\To 



< 



\y\T' — IT^i 

Since this procedure may be done for arbitrarily large j, it follows that the operator 
/ is strictly singular. 

We define the operator S : Tq ^ Tq a.s the composition S — loT. The operator S 
is strictly singular (as / is). It is also non-compact, since for the bounded sequence 



)„6N it holds that for all i ^ j we have that 

\\S{Xq,) - S{Xq^)\\To = \\e^ ' 



ejllTo 



1. 
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□ 

4. The HI space Xd 

In this section we define the space Xd and we show that it is Hereditarily Inde- 
composable. The unconditional frame we use in the construction of the space Xd is 
the space Tq we have constructed in section [2] For the definition of Xd we define a 
Gowers-Maurey type coding function a and we define the «2j-i special sequences. 

Definition 4.1. [The space Xd-] Let the sequences (wjOj^i, {nj)°^i be as in 
Definition 12.81 The set Kd is the minimal subset of coo(N) satisfying the following 
conditions. 

(i) {±el : keNjcKd. 

(ii) Kd is symmetric (i.e. if / G Kd then — / e Kd). 

(iii) Kd is closed under the restriction of its elements on intervals of N (i.e. if 
f & Kd and E is an interval of N then Ef g Kd). 

(iv) For every j G N, Kd is closed under the {Anj, ;;^) operation. 

(v) For every j > 2, Kd is closed under the {An2j-i, ^y==^) operation on 
n2j-i special sequences, i.e. for every n2j-i special sequence 

(/i,/2, • ■ • ,/n23-i)i with fi e Kd for I < i < n2j_i, the functional / = 

y==j(/i + /2 H h /„2,-i) also belongs to Kd- 

The space Xd is the completion of (coo(N), || • Wk^)- 

The above definition is not complete because we have not yet defined the ?^2j-l 
special sequences. 

Definition 4.2. [The coding function a and the n2j-i special sequences.] Let 

Qs denote the set of all finite sequences {<j>i,<j)2, ■ ■ ■ ,(t>d) such that S coo{N), 
<j>i ^ with (l)i{n) e Q for all i,n and <j>i < (t>2 < ■■■ < <t>d- We fix a pair 
rii, Q.2 of disjoint infinite subsets of N. From the fact that is countable we are 
able to define an injective coding function cr : ^ {2j : j € ^^2} such that 
Wa(0i,02,....0rf) > max{|^-^ : / G supp^i, i = 1, . . . ,d} • maxsupp^^. 

Let j e N. A finite sequence (/i)"^i~^ is said to be an n2j_i special sequence 
provided that 

(i) (/i,/2, • ■ • ,/«2j-i) e Qs and /, e Kd for i = 1,2, . . .,712^-1. 

(ii) The functional /i is the result of an (-4„2j., -^^) operation, on a family 

of functionals belonging to of Kd, for some for some fc € ili such that 

1/2 

™2fe ^^2^-1 and for each 1 < i < n2j-i the functional Jij^i is the result of 

an {An^^f^ — ) operation on a family of functionals belonging 

to Kd. 

As we have mentioned earlier the weight w{J) of a functional / G Kd is not 
unique. However, when we refer to an ri2j-i special sequence (/i)j^\"^ then, for 
2 < i < n2j-i, by w{fi) we shall always mean w{fi) = ra„(^f^ j._^y 

Proposition 4.3. [The tree-like property of n2j~i special sequences] Let $ = 
{4'i)i=i^ : ^ = be a pair of distinct n2j-i special sequences. Then 

(i) For 1 < I < ^ < n2j-i we have that w{4>i) ^ w{ipi). 

(ii) There exists such that (j>i = ipi for i < and w{4>i) ^ 'w{ipi) for 
i > /c$_*. 
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We leave the easy proof to the reader. 

Remark 4.4. We mention that, since ^m^j-i — m2j-2 for each j, (see Definition 
condition (v) in Definition l4.f l is equivalent saying that Kd is closed under the 



{An2j+i , ji^) operation on n2j+i special sequences for each j. 

We call 2j + 1 special functional, every functional of the form Eh with E an 
interval and h the result of a (^712^+1 j Tn^^ operation on an n2j+i special sequence. 

Let's observe that each / £ Kd is either of the form / = ±e^. or there exists 

d 

j (z N such that / takes the form / — ^jj^ ^ fi with d < ^2^+1 and w{f) — ra2j+i 

i=l 

or w{f) = ■m2j. 

Remark 4.5. The trees of functionals / e Kd and the order o(/) of such functionals 
are defined in a similar manner as in Definition 12.41 and Definition 12.61 



The rest of the present section is devoted to the proof of the HI property of the 
space Xd- We need to introduce the auxiliary spaces T', Tj^. 

Definition 4.6. [The auxiliary spaces T', Tj^.] Let T' be mixed Tsirelson space 

T' = T[{A4n,, )ieN, {A4n2j + ii )jeN] 

rrii " m2j 

and we denote by W the standard norming set corresponding to this space. This 
means that W is the minimal subset of Coo(N) containing {±ej : fc g N} and being 
closed in the {Aim, ;^)jeN and in the {Ain2j+i, operations. 
We also consider, for each jo E N, the auxiliary space 

and we denote by Wj^ its standard norming set. 
Lemma 4.7. Let j G N and / G W . We have that 

1 ^ f — 2 — \i w{f) = ra„ i < 2j 

ifu;(/)=m., *>2j 

Proof. The case i > 2j is obvious. For the case i < 2j we need the following claim. 
(We shall also use the next claim later in the proofs of Proposition 15 . 21 and Lemma 

Claim. U g eW and j G N then 

#{fcGN: |5(efe)| > —}< {4n2j-i)\ 

Proof. Without loss of generality we may assume that g{ek) > for every 
k G supp g. Then the functional g has a tree in which appear only the operations 
{Airiij ;^)i<»<2j-i and (y^4n2i+i: d;7)i<j- Then (see the proof of Lemma [131 and 
the comments before its statement) \\g\\q < 1 where 

q = max (^{log^^{Ani) : 1 < i < 2j - 1} U {log„^^ (4n2i+i) : i < j}) 

= l0gm2._2(4"2j-l)- 
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Hence 1 > \\g\\g > ^ ■ (#(suppg))'. Therefore 

□ 



Let now / <E W with w{f) ~ rrii, i < 2j. Then the functional / takes the form 

d 

f=^,T,fr with /i < /a < • • • < /d in M^' and d < 4n2j_i. 

r=l 

d 

We set Dr = {l: \fr{ei)\ > ^} for r = 1, 2, . . . , d and D = (J D^. From the 

claim above we get that #{Dr) < (4n2j-i)^ for each r, thus #(-D) < (4n2j-i)^. 
Therefore 

"23 n2j «2j 

rrii n2j rui m2j 

n2j m2j 

1/1 1 X 2 

< — + = . 

rrii m2j m2j rrii ■ m2j 



□ 



Lemma 4.8. Let / e Wj^. Then 



ti li . if«.(/)=m,, !> 230 + 1 

"230 + 1 

and therefore I f( — - — V efe)| < — 1 — . 

'•'^"230 + 1 "'^ - m^jg+i 

Proof. The estimate for i > 2jo + 1 is obvious. For the case i < 2jo we shall use 

the following claim. 

Claim. For every g e W^^, we have that : |g(efe)| > ^^^^^^ } < (4n2jj2. 

Proof. Let g G ^^jv Without loss of generality, we may assume that g{ek) > 
for every k G supp (/. The functional g then, has a tree in which appear only 

the operations {Aath, :^)i<2jo and {Ain2i+i, 7^)i<jo- Then \\g\\q < 1, where 

q = max ({log„^ (Am) : i < 2jo} U {log„^^ (4n2»+i) : i < jo}) = log^^jo (4"2io)- 
It follows that 1 > \\g\\g > #(suppg)^/'? therefore 



□ 



Let / e with = rrii, i < TO2jo- Then the functional / takes the form 

d 

f = ^,T,Jr with d < 4n2jo- For r = 1, . . . , we set Dr = {k : \fr{ek)\ > ^^j^^^ }. 
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d d 

We also set D = [J Dr- Then, using the claim, we get that #(1?) < < 

r— 1 r— 1 

d- (4n2jJ^ < (4r7,2jJ^. Therefore 

< ±._^^«z„ + -L._^ 

2 



< - 

The proof of the lemma is complete. □ 

Definition 4.9. [R.I.S.] A block sequence {xk)k in Xd is said to be a (C, e) rapidly 
increasing sequence (RJ.S.), if ||xfc|| < C for all k, and there exists a strictly 
increasing sequence {jk)k of positive integers such that 

(a) < e and — - — • # supp Xk < e for each k. 

(b) For every k — 1,2,... and every / G A'^ with w{f) = mi, i < jk we have 
that \f{xu)\ < 

The sequence {jk)k is called the associated sequence of the R.LS. {xk)k- 

The next proposition is the fundamental tool for providing upper bounds of the 
norm for certain vectors in Xa- 

Proposition 4.10. [The basic inequality] Let {xk)k be a (C, e) R.I.S. in with 
associated sequence {jk)k, and let {\k)k be a sequence of scalars. Then for every 
/ S Kd and every interval / there exists a functional 

rrij 

with either w{g) — w{f) of g = e* such that 

\fiJ2XkXk)\<c[g{Y,\^k\ek)+sJ2\\k\). 

kei kei kei 

Moreover if / is the result of an {Am, operation then either g — e* or g is the 
result of an {A4ni, ;^)operation. 

If we additionally assume that for some 2jo + 1 < ji we have that for every 
subinterval J of / and every 2jo + 1 special functional / it holds that 

(3) [/(J^AfeXfe)! <C7(max|Afe|+e^|A,|). 

keJ ' keJ 

then we may select the functional g to be in 

^30 = W[{Ain,,—)jeN, {A4n2, + i,—)j^Jo]- 

Proof. We first treat the case that for some jo, the additional assumption ^ in 
the statement of the proposition is satisfied. We proceed by induction on the order 
o(/) of the functional /. 

If o(/) = 1, i.e. if / = ±e*, then we set g — for the unique k E I for which 
r G ran(a;fe) if such a k exists, otherwise we set 5 = 0. 
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Suppose now that the result holds for every functional in Kd with order less than 
q and consider / G Kd with o(/) = q. Then 

/=^(/l+/2 + --- + /d) 

where /i < /2 < • ■ ■ < /rf are in Kd with o{fi) < q, and either w{f) — nij and 
d < rij, or / is a 2j + 1 special functional (then w{f) — y^mij+T = "12^ and 
d < f^2j+i)- We distinguish four cases. 

Case 1. / is a 2jo + 1 special functional. 
We choose ko E I with \Xk„\ = inax|Afc| and we set g — e*^^. Then from our 

assumption ([3]) it follows that 

|/(^AfeXfe)| < C(max|Afe|+e^|Afc|) 
kei ^ kei 

< c(5(5]|Afc|efe)+e^|Afc|). 
fce/ fcG/ 

Case 2. < rrij^ for all fc G / and / is not a 2jo + 1 special functional. 

For i = 1, . . . , d we set Ei — ran(/i), and 

Ii = {k e I : ran(a:fe) n 7^ and ran(a;fe) n = for aU i' e I \ {i}}. 

We also set 

/o = {fc G / : r'An{xk) Ei for at least two i G {!,...,}} 



and/' = J\ U U 

i=Q 

We observe that |/o| < d. For each k G Iq assumption (b) in the definition of 
R.I.S. yields that 

(4) |/(xfe)|< ^ 



Observe also, that for each i = 1, . . . , d, is a subinterval of I, hence our inductive 
assumption yields that there exists g € Wj^ with suppt/i C li such that 

(5) |/^(^ XkXk)\ < \\k\ek) + e |Afc| 

The family {/i, . . . , 7^} U {{k} : k E Iq} consists of pairwise disjoint intervals and 
has cardinality less than or equal to 2d. We set 



1 

' i=i fce/o 
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Then g G Wj^, suppg C /, while from (gl),® we get that 
fee/ fce/o ' 4=1 fee/i 

< c(.g(E|Afe|efe) + £El^fe 
kei kei 

Case 3. rrij^^^ < w{f) < nij^ +1 for some fco G /. 
In this case, for k I with fc < fcp we have that mj^^-^ < mj^^^ < w{f), hence, using 
assumption (a) in the definition of R.I.S. it foUows that 

(6) \f{xk)\ < ^||a:fc||^, < •C-#supp(a;fe) < Ce. 

For fee / with k > feo, from assumptions (a), (b) in the definition of R.I.S. we get 
that 

(7) \fM\<-^< — <Ce. 

w(f) ruj. 

Thus, setting g ~ e^.^^ and using (O, ([7]) we get that 

|/(E^'==^'=)I < \K\\fM\+J2\^''\\f('"')\ 



< \Xk„\C + J2 \Xk\Ce 



fee/ 

k^kQ 

< c(^giJ2\Xk\ek + eJ2\^k\ 

kei kei 

Case 4. mj^^^ < w{f) for all k G I. 
In this case, as in Case 3, we get that |/(a:;fe)| < Ce for all fc e / so we may set 
9 = 0. 

This completes the proof in the case we have made the additional assumption 
about jo- When no assumption about jo is made, the induction is similar to the 
previous one, with the only difference concerning Case 2, where we include / which 
is a 2 jo + 1 special functional (thus Case 1 does not appear). In each inductive step 
the resulting functional g belongs to W. □ 

From Proposition 14.101 and Lemma l4.7l we conclude the following. 

Proposition 4.11. Let {xk)2'j^i be a (C, e) R.I.S. with e < Let also / € Kd- 
Then 

if = nii, i < 2j 



k=l 

In particular \\-±^^ ^kW < 

^ k=l 



m2jmi ' 

^"2j ^ {^ + Ce, if wif) ^m„i> 2j 



2C 
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Definition 4.12. A vector x £ Xd is said to he a, C — £f average if x takes the 

k 

form X — Xi, with ||a;i|| < C for each i, xi < ■ ■ ■ < Xk and > 1. 

i=l 

Lemma 4.13. Let F be a block subspace of Xd and let A: e N . Then there exists 
a vector x E Y which is a 2 — average. 

For a proof we refer to [T^ Lemma 11.22. 

Lemma 4.14. If x is a C — £j average, d < k and Ei <■■■< Ed is a sequence of 

d 

intervals then ^ H-Bja;!! <C(1 + ^). In particular if a; is a C — £"^^ average then 

1=1 

for every f e Kd with w{f) ^ rui, i < 2j we have that \f{x)\ < -;^C{1 + ^^^^) < 

3C 1 
2 

For a proof we refer to [T^] Lemma 11.23. The next lemma is a direct consequence 
of Lemma 14.141 

Lemma 4.15. Let {xk)keN be a block sequence in such that each Xk is a C—ii^''' 
average, where {lk)ki£N is a strictly increasing sequence of integers, and let e > 0. 
Then there exists a subsequence of {xk)keN which is a R.LS. 

Proposition 4.16. [Existence of R.I.S.] For every e > and every block subspace 
Z of Xd there exists a (3,e) R.I.S. {xk)k(EN in Z with > 1. 

Proof. It follows from Lemma 14.131 and Lemma 14.151 □ 

Definition 4.17. [Exact pairs.] A pair (x, (j>) with x G Xd and (p G Kd is said to be 
a (C, 2j) exact pair (where C > 1, j G N) if the following conditions are satisfied: 

(i) 1 < < C, f^or every e Kd with < r7i2j, we have that IV^l^c)] < 

while for V G Kd with > mz^, \i^{x)\ < 

(ii) (/) S A'rf with w(</') = TO2j. 

(iii) = 1 and ran a; = ran0. 

Proposition 4.18. Let j e N. Then for every block subspace Z of Xd, there exists 
a (6, 2j) exact pair (x, 0) with a; e Z. 

Proof. From Proposition 14.161 there exists (a;fc)^j^j^ a (3,£)-R.I.S. in Z with e < 
„ """a and llxfell > 1. Choose x^ S if^ with x^(xfe) > 1 and ranx^ = ranxk- Then 

Proposition 14.111 vields that for some 6 with < 9 < I, 

is a (6, 2j') exact pair. □ 

Definition 4.19. [Dependent sequences.] A double sequence {xk,xl)2j^^^ with 
Xk & Xd and x^ G iiTd is said to be a (C, 2j + l) dependent sequence if there exists a 
sequence (2jfc)^j^]^^ of even integers such that the following conditions are fulfilled: 

(i) {^*k)^=i^ i^ n2j+i special sequence with u'(x^) = m2j^. for all 1 < /c < 

(ii) Each (xi;,x^) is a (C,2jk) exact pair. 
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Remark 4.20. It follows easily, that if {xk,xl.)^j^^^ is a {C,2j + 1) dependent 
sequence then the sequence {xk)u^t^ is a (3C, e) R.I.S. where e — — . 

Proposition 4.21. Let i e N. Then for every pair of block subspaces Z. W of 
there exists a (6,2j + 1) dependent sequence i^^kT^XTkli^ with X2k-\ G Z and 
X2k G W for all k. 

Proof. It follows easily from an inductive application of Proposition [OH D 

We need the next lemma in order to apply Proposition 14. lOl with the additional 
assumption. 

Lemma 4.22. Let {xk,x 

fe)fc=r be a (C,2j + 1) dependent sequence. Then for 
every 2j + 1 special functional / and every subinterval / of {1,2, . . . ,n2j+i} we 
havethat <C. 

k£l 

Proof. The functional / takes the form 

/ = — {Ex; + + • • • + .t;_i + + + • • • + fd) 

where {xl, X2, ■ ■ ■ , x^^i, fr, fr+i, ■ • • , fn^j+i) is an n2j+i special sequence with 
w{fr) — u;(a;*), fr ^ a;*, E is an interval of the form E = [m, maxsupp x^] and 

d < 712 j + l- 

Using the definitions of dependent sequences and exact pairs we obtain the fol- 
lowing. 

For k < t we have that f{xk) = 0. 
For k = t, \fix,)\ = ^\ExUx,)\ < ^ ■ \\x,\\ < ^. 
For t < fc < r, we get that f{xk) = :;^xl{xk) = 
For the case fc = r we shall say later. 

Let fc with r < k < n2j+i. For i < r — 1 we have that ran(a;*) n v&nxk = 
thus x*{xk) = 0. Also, the injectivity of the coding function a yields that w{fi) ^ 
7n2jk = w{x1) for r < i < d. Setting 

Jk^ ^{^- MfO < m2j,} and Jk = {i : w{f^) > m2jj 

we get that 



— (E4tT+E^) 



< 



ie.i. jsj. 



C , A 1 , 

m2j^w{xl) mijj 

C , 4 1 , 5C 1 

< \— Vn2j+i-— j< 2 ■ 

m2j n^j+i n\-^^' 7112, n'23+1 

For k — r using similar arguments it follows that |/(a;r)| < 
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We set /i =lr]{t}, h = I r]{t+l,. . . ,r - 1}, I3 = / n {r}, 
/4 = / n {r + 1, . . . , 7i2j+i} and we conclude that 

fee/ keh keh 

fce/3 fee/4 

C 1 2C 5C 1 

< 1 1 h n2j+i • 

m2j m2j m2j m2j n^j+i 

< C. 

□ 

Proposition 4.23. Let {xk,xl)2j!^^ be a {C,2j + 1) dependent sequence. Then 



Proof. The sequence (0;^)^!^+' is a (3C,e) R.I.S. for e = (Remark HSQ]). 

2 j + 1 

It follows from Lemma 14.221 that the additional assumption of Proposition 14.101 

concerning the number jo = j and the sequence is fulfiUed. Thus 

applying Proposition l4.10l and Lemma l478l we get that for every / £ Kd there exists 
g e W!j such that 

\fi- E < 3C(5(- E ^^■) + -^)) 

< 3Ci ' 



m2j+i n\.^^ 



< 



4C 



TO2J + 1 

This completes the proof of the proposition. □ 
Theorem 4.24. The space Xd is a reflexive HI space. 

Proof. The Schauder basis (e„)„gN of the space Xd is boundedly complete and 
shrinking (this follows by similars arguments with the corresponding result in 23J). 
Therefore Xd is a reflexive space. 

Let Z,W he a, pair of infinite dimensional subspaces of Xd- We shall show that 
for every e > there exist z £ Z,w &W with ||2— wH < eHz+wH. It is easy to check 
that this yields the HI property of Xd ■ From the well known gliding hump argument 
we may assume that Z, W are block subspaces. Then for j e N, using Proposition 
14.211 we select {xk,xl)^j^^^ a (6, 2j + 1) dependent sequence with X2fc-i € Z and 
X2k G W for all k. From Proposition 14. 231 we get that 

1 94 

E(-i)'^'-^-ii^^- 

On the other hand, since {xD^j^i^ is an 712^+1 special sequence, the functional 

"23 + 1 

/ = J2 belongs to the norming set Kd, while the action of / on the 
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E 

k=l 

"2.7 + 1 



vector — - — Y] Xk yields that 



V xkW > ^ 



n2j + l/2 n2j + i/2 

Thus setting z — ^ X2k-i and w = ^ X2k we get that z G Z , w G W 

k=l k=l 

and 11^ — wll < --^==.\\z + w\\ which for sufficiently large j yields the desired result. 
Therefore the space Xd is HI. □ 

5. A CLASS OF BOUNDED DIAGONAL OPERATORS ON Xd 

In this section we present the construction of a class of bounded diagonal opera- 
tors on the space Xd- These operators arc of the form ^ ^kDj^ where {jk '■ k G N} 

fe 

is a lacunary set and {Xk)keN is any bounded sequence of real numbers. Each Dj^. 

Pk 

is of the form Dj^ (x) — Yl We pass to the details of the construction. 

Let : 1 < i < Pj, j = 1, 2, . . .} be any family of intervals of N such that, for 
every j 

i{<ii<---<ii^<ii+\ 

For each j e N, we define the diagonal operator Dj : Xd ^ Xd by the rule 

1 

Dj{x) = — V//x. 
1=1 

We also define 

1 

and we observe that for every j e N and x G Xd we have that 

\\D,x\\<a,{x) < \\x\\. 

Indeed, the left inequality is obvious while, in order to prove the right one, for 
i = 1,. . . ,pj, we select G Kd such that supp((^i) C and (l)i{x) = H// Then, 

Pi 



'= ^,jl4>i&Kd, thus 

1 V- 



i=l 

P.7 



Lemma 5.1. Let L cN with #X < minL. Then, for every x G jt^, we have that 

Proof. Let L = {ji, j2, • • -Js} with s < Ji < ^2 < • • • < js- For every k = l,...,s 
and i = l,...,pj^, we choose (j)^ G Kd such that supp(^J^) C and ^^(a;) = 

||/^'°a;||. Then, for every k = l,...,s, we have that ^'^ = E ^ and 



-3 k 



i=l 
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4>''{x) — aj^{x). Moreover, as in the proof of Proposition I2.13| the functional 

s 

f — J2 4>'^ takes the form 



fc=i 

■'I 1=1 

with {ipi)^jL\ being successive members of Kd, hence / e Kd- It follows that 

^Oijkix) = fix) < \\x\\. 
fe=l 

□ 

Proposition 5.2. Let M = {jfc : j g N} be a subset of N such that for every k 
the following conditions are satisfied: 

(i) TOj.+i > 2'=+! -nj-.+i. 

(ii) > 2*^ -max/J^^^. 

(iii) jfe > nafc. 

Then for every {Xk)keti G ^oo(N), the operator '^XkDj^, is bounded and strictly 

k 

singular with 

k 

OO 

where Cq = 3 + V 

1 

We divide the proof of Proposition 15.21 in several steps. The main step is done 
in the following proposition. 

Proposition 5.3. For every / e Kd and every interval / there exists g E W' (recall 
that W is the norming set of the space T' = T[(^4„,, ;^)ieN, {A4n2,+i, 
see Definition 14. 6p having nonnegative coordinates, with suppg C /, such that for 
every x G Xd is holds that 

\f{D,^x)\<a,,{x)g{ek) + ^\\x\\ 

for all fc G / with the potential exception for k G {fco, fco + 1} where fco + 1 < supp g. 

For the proof, we need the following Lemma. 

Lemma 5.4. Let fc G N, </> G Kd and x G Xd- 
(i) If < then 



Too, 



w{(j)) 

(ii) If u;(0) > TO,,^, then \^iD,,{x))\ < ^\\x\\. 

d 

Proof, (i) Let (j) G Kd with w{(f)) < nij^ -^. Then <j) = -^4^ ^ (pi where, for some 

'"^ ' 1=1 

j G N, either w{4>) = rrij or w(0) = y^roj and d < rij. Since w(0) < rnj^_^, in 
either case we get that d < nj^_^+i. 
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For I = 1, ... ,d, we set 

Ri = {i: ran(0z) n /f ^ and ran(0,O n /f = for I' ^ l). 
We also set 

^ = {« e {1, . . . : ran((/);) n if'' ^ for at least two l). 

It is easy to see that jj^A < d < For every a; e we get that 

d 



l*(D,.(x))| 



1 1 
w((j)) rrij, 



1=1 



< 



< 



1 1 1 

— y ||/f x|| + V ||/f 



1 II II 1 



From property (i) of the sequence {jk)kLiJ '^^ g^t that 



1 



1 



(0) 



(ii) Let now G A'^ with w(0) > rrij^^-^ and x G X^. We have that 

'jfc ,-1 
■ max II 



1=1 



< 



1 



< 



1 



a; 



< 



1 



• max PJ" 



x|| 



where the last inequality follows from property (ii) of the sequence (jk)'k=\- '— ' 
Proof of Proposition [573l For each fc 1, 2, . . . let 1^ be the minimal interval 
containing IJ 7^. We proceed to the proof by induction on the order o(/) of the 

i=l 

functional /. 

If o(/) — 1, i.e. if / = ±e*, then, if r G /'^ for some k € I we set g — e^, 
otherwise we set g ~ 0. Suppose now that the conclusion holds for every functional 
in Kd having order less than q and consider / G Kd with o(/) = q. Then / = 
^^IJ^if'^ +/2 + - • ■ + fd) with o{fi) < q for each i, while either w{f) = rrij and d < rij 
for some j, or / is a 2j + 1 special functional, in which case w{f) = y^roij+T — 'm2j 
and d < n2j+i. 

For i = 1, . . . , d we set 

/; = {fc G / : ran(/,) n l'' ^ $ and ran(/,/) n /''^ = for i' e I \ {i}}. 
We also set 

/o = {fc G / : ran(/i) n l'' ^ for at least two i} 

and we observe that #/o ^ d. 

Let now fco S N be such that TOj^^^ < ■ii;(/) < rriji^^^-^ (the modifications in 
the rest of the proof are obvious if no such ko exists, i.e. if w{f) < nij^). For 
k < ko, Lemma [Ol (ii) yields that \ f{Dj^{x))\ < ^\\x\\ for every x G Xd, while for 
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k > ko + 1, Lemma [531 (i) yields that \ f{Dj^{x))\ < :^jj^aji^{x) + ^\\x\\ for every 
X G Xd- 

For each i ~ 1, . . . , d from our inductive assumption there exists gi S W with 
supp^i C h such that 

\fiDj,ix))\ < -l-^a,,{x) + ^\\x\\ 

for all k € Jj, with the potential exception for k g {ki, ki + 1} where + 1 < supp 17^. 
For the rest of the proof suppose that ki,ki + 1 S li are indeed exceptions to the 
above inequality. 
We set 

1 

^■^ ' i=l kelo 

and g = [fco + 2, +oo)g'. The family {e^.., e^..^^ g.^, i = 1, . . . , d} U {e^ : fee /q} 
consists of successive functionals belonging to W, while its cardinality does not 
exceed 4c?. Thus the functional g' belongs to W' hence the same holds for the 
functional g. We have to check that the functional g satisfies the conclusion of the 
proposition. 

Let X € Xd- For k < ko, as we have observed earlier, we have that |/(-Dj,, < 
^||x||. The numbers fco, /cq + 1, if belong to /, are the potential exceptions to the 
required inequality; observe also that ko + l < supp g. Let now k d I with k > fco + 1. 
We distinguish four cases. 

Case 1. k G {ki, ki + 1} C li for some i G {I, . . . ,d}. 
Then 

\f{D,,ix))\ = -l^\f,{D,,{x))\ < -l^\\Dj,{x)\\ < -l^a,,ix) ^ a,,ix)g{ek). 

Case 2. k E Ii \ {ki, ki + 1} for some i E {I, . . . , d}. 
Then 

\fiD,Jx))\ = -J^|/,(D^.^(x))| <-i:y(^^^^ 
< ajjx)g{ek) + ^\\x\\. 

Case 3. k E h- 

Then, since also fc > /jq + 1 we get that 

\I{D,,{x))\ < ^"^■^(^) + ^ll^ll = (^Maiek) + ^\\x\\. 

d 

Case 4. fc € / \ U h- 

Then|/(i?,,(x))|=0. 

The proof of the proposition is complete. □ 

Lemma 5.5. Let g E W and x E Xd- Then 

00 

Y.aM\g{eu)\<C,\\x\\ 



00 

where Ci = E 

2—1 
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Proof. We set 



and for i = 2, 3, ... we set 



Fi^{k: — < |5(efc)|} 
m2 



F^^{k: — < \g{ek)\ < -^}. 

m2i-2 

Since mi = m2 = 2, if J^i ^ then g — ±e* and the conclusion trivially follows 
(since Ci > 1). Suppose now that Fi = 0. From the claim in the proof of Lemma 
lOwe get that #Fi < (4n2i-i)^ < 7i2i for each i = 2, 3, . . .. We set 

Li ^ {k e Fi : n2i < jk} mboxand d ^ Fi \ Li ^ {k e Fi : jk < n2i}. 

Since 

#{jfe : fc e L,} < #L, < #F, < n2^ < inm{jk : k e L,}, 
Lemma yields that 

keLi 

On the other hand, by Property (iii) of the sequence {jk)^i, we have n2i < ji, and 
hence, Gi C {1, . . . , i — 1}. Thus, for « > 2, 



keFi 

We conclude that 



,,,2^11 + 112^11 =*l|a^ll 

keFi keGi keLi 



fe=i 1=2 fceFi 

oo 
oo 

□ 

Proof of Proposition 15. 2i Firstly we shall show the bound of the norm of the 

operator D ^kDj^. Let x E Xd- We shall show that for every / g Kd, it holds 
fc 

that 

\fiJ2>^kD,,ix))\<Co-suv\Xk\-\\x\\. 
k ^ 

Let / S Kd- From Proposition 15.31 there exists g E W having nonnegative 
coordinates and fco G N such the 



\f(Dj,ix))\<a,,{x)g{ek) + ^\\x\\ 
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for all k ^ {ko,ko + 1 } . Therefore 

|/(^A,i?,Jx))| < 5]|Afc|.|/(i^,,(x))| <sup|A,|.^|/p,,(x))| 



< 



sup\Xk\-(\fiD,,^{x))\ + \fiD,,^^,{x))\ 



("i/c(a^).9(efc) + ^||a;|| 

fc^{fco,fco + l} 



< suplAfcl- 

OQ 



fc=i 



< 



k 

From Lemma 15.51 we get that 



sup|Afc| • ( 3||a;|| + ^ ctj, (a;)g(efc) 



k=l 



Yoij^{x)9iek) < Ci\\x\\, 



fc=i 

oo 

where Ci = J2 Thus the operator D ~ J2^kDj^ is bounded with \\D\\ < 

i=l k 

Co ■ sup lAfcl where Co = 3 + Ci. 

k 

The fact that the operator D : Xd ^ Xd is strictly singular follows from the fact 
that hmZ)(e„) = in conjunction to the HI property of Xd (see Proposition 1.2 of 

n 



6. The structure of the space £diag(3£rf) 

In this section we define the space Jto : which is the Jamesification of the space 
To studied in section [21 We state the finitely block representability of Jj-q in Xd 
(the proof of this result is presented in the next section) and apply it in order to 
study the structure of the space /Cdiag(^d) of diagonal operators on Xd- We start 
with the definition of the space Jto ■ 

Definition 6.1. The space Jtq is defined to be the space 

where C = {±X/ • ^ finite interval of N}. This means that Jt„ is the completion 
of (coo(N), II • \\do) where Do is the minimal subset of coo(N) such that: 

(i) The set G is a subset of Dq- 

(ii) The set Dq is closed in the {Anj , j^) operation for every j e N. 

Remark 6.2. An alternative description of the space is the following. Let 
(in)jieN be the standard Hamel basis of Coo(N). The norm || • ||jy is defined as 
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oo 

follows: For every x = J2 2;(^^)^n G coo(N) we set 

Tl=l 

I 

\\x\\,j^^ = sup {II ^ ( ^ x{n))ek\\To, I & ^, h < h < ■ ■ ■ < Ii intervals of N}. 

The space Jtq is the completion of (coo(N), || • \\jj,g)- 

Proposition 6.3. For the space Jj-q the following hold. 

(i) The sequence is a normalized bimonotone Schauder basis of the space 
Jto- 

(ii) For every j e N, we have the following estimates: 

1 1 

||^E*2fe-i||j.„ = 2 

k=l 

2pj 2p 



1 1 "-^^ A 



In particular the basis (in)neN is not unconditional. 

Proof. The proof that (t„)„gN is a normalized bimonotone Schauder basis is stan- 

Pj 

dard. We set x = y~ ^2fc-i- The inequality ||a;||,7y < 5 is obvious while from 

k=l " 

the action of the functional f = Xi & where / = {1,2,..., 2pj — 1}, on the 
vector X we obtain that ||a;||,/y^ > i. 

Setting / = 2pj and 4 = {fc} for 1 < A: < ^ we get || E (-l)'''^^^fell./ro > 

k=l ° 

II X] (~l)'^^^^fellTo = II 6fc||To where the inequality follows from Remark 16. 2[ 

k=l k=l 

while the equality is a consequence of the 1-unconditionality of the basis {ek)k£Vi 
of To (Remarks and HT]) . 

2pj 2p3 

Let's explain now the inequality || X (~l)'^^"^^fe||./T — II X ^fellTo- We observe 

k=l ° k=l 

that for every interval / of N the quantity X (—1)'^^^ is either equal to —1 or to 

kei 

or to 1. Thus the inequality follows from Remarks 16.21 and 12.51 

Finally the inequality H^rj- X ^k\\Ta < — follows from Lemma [2.101 □ 

' k=l ' 

Theorem 6.4. There exists a positive constant c such that the basis (tn)neN of 
Jtq is c - finitely representable in every block subspace of Xd- This means that, for 
every block subspace Z of Xd and every iV e N, there exists a finite block sequence 
(-^fe)feLi in ^ such that, for every choice of scalars (Mfc)fc=i: have that 

AT AT N 

\\^iJ-ktk\\.jT„ < II ^^'=^'=1'^'' IIE^'^^'^-II-'to • 

fc=l k=l k=l 

We shall give the proof of Theorem 16.41 in the next section. Let us note that, 
since the basis (tn)neN of Jtq is not unconditional, Theorem l6.4l implies in particular 
that the space Xd does not contain any unconditional basic sequence. Of course, 
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in Theorem 14.241 we have already proved the stronger result that the space Xd is 
Hereditarily Indecomposable. 

From Theorem 16.41 and Proposition 16.31 we immediately get the following. 



Corollary 6.5. Let Z be any block subspace of Xd and let j E N. Then there 
exists a finite block sequence {yk)k'=i i'^ ^ such that 

Pi , , 2pj 



\^T.y^.-4>\ and ii^EM)'^^Vi'<^ 



k=l ^ 



Theorem 6.6. There exist bounded strictly singular non-compact diagonal oper- 
ators on the space X^. Especially, given any infinite dimensional subspace Z of 
Xd there exists a bounded strictly singular diagonal operator on Xd such that its 
restriction on Z is a non-compact operator. 

Moreover the space Cdia.g{Xd) of all bounded diagonal operators on the space Xd 
contains an isomorphic copy of £^ (N) . 

Proof. By standard perturbation arguments and passing to a subspace we may 
assume that Z is a block subspace of Xd- We inductively construct vectors (y^)^^!, 
j = 1, 2, . . . in Z, satisfying the conclusion of Corollarv l6 . 5l and moreover y^^^ < y^"^^ 
for each j. 

For j = 1, 2 . . . and \ <i <pj we set II = ran(?/2i_i) and we define the diagonal 

Pj 

operator Dj : Xd ^ Xd by the rule Dj{x) — H^- We also consider for 

^ i=i 

2pj 

j = 1, 2, . . . the vector Xj = ^ (-l)''^^2/i which belongs to Z. Then \\xj\\ < 4c, 

k=l 

\\DjXj\\ > \ while DiXj = for ; ^ j. 

Let now M = {jj. : fc S N} be any subset of N satisfying conditions (i), (ii), 
(iii) in the statement of Proposition 15.21 Then, from Proposition [^21 the diagonal 

oo 

operator D — Y, ^jk bounded and strictly singular. The restriction of D on Z 

k=l 

is non-compact, since the block sequence {xj^)kefi is bounded, while the sequence 
{Dxj^)keTi does not have any convergent subsequence. 

For M = {jk : fc € N} as above. Proposition 15.21 yields that for every (Xk)ketii G 

oo oo 

^oo(N), the diagonal operator J2 ^kDj^ is bounded with || J2 ^kDjJ\ < Cq ■ 

k=l k=l 

oo 

sup|Afc|. On the other hand the action of the operator ^ ^kDj^ to the vector 

k k=l 



X 



yields that |j Afci'jJI > '^"'''"if^"!"'^'"^" > f • |A™| for each m. Hence 



k=l 



^ oo 

— -suplAfcl < II VAfcZ^jJI < Co -suplAfcl. 

k—1 

The proof of the theorem is complete. □ 

7. The finite block representability of Jtq in Xd 

The content of this section is the proof of Theorem 16.41 Let N G N and let Z 
be any block subspace of Xd- We first choose j > 2 with 2pj > N and i > j such 
that TO2i-i > 38pj- Then we select {xr,4'r)r=i^ & (6, 2i + 1) dependent sequence 
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with Xr Z and minsuppxi > TO2i+i (this is done with an inductive apphcation 
of Proposition I4.18p . The fact that {(j)r)r=i^ is a special sequence yields that the 
functional 

is a 2* + 1 special functional and thus belong to the norming set Kd- 

We set M = 2|iti and observe that M > (4n2i)^. For 1 < fc < 2pj we set 

kM 

17121 \ ^ 

r=(fc-l)M+l 

We also consider the functionals 

kM 



1 V- 

yk = — 



^' r={k-l)M+l 



for 1 < fc < 2pj , and we notice that yl £ Kd (since each is the restriction of $ 
on some interval) with rany^ = rany^ and \\yk\\ > UkiVk) = 1- Observe also, that 
for every subinterval J of {1, 2, ... , 2pj}, the functionals ± ^^^o belong to Kd- 

kei 

Our aim is prove that for every choice of scalars (A'fc)^J^]^ we have that 

2pj 2pj 2pj 

(8) llE/^'=^fcll^-o ^ II E '^'=2/'= II ^ 150-||^Mfetfe||jTo- 

k=l k=l fe=l 

This will finish the proof of Theorem 16.41 for c = 150. We begin with the proof of 
the left side inequality of ([5]) which is the easy one. 

Proof of the left side inequality of ([5]). It is enough to prove that for every 
choice of scalars {p.k)'k'=i and every g G -Do (recall that Dq is the norming set of 

2Pi 

the space Jtq] see Definition 16. ip there exists / G Kd such that i^ktk) — 

k=l 

/( E M/cy/c)- 

fe=i 

Let g g Dq. We may assume that suppg C {1, 2, . . . 2pj}. Let {ga)aGA be 
a tree of the functional g. We shall build functionals {fa)aeA in Kd such that 

9a{ i^ktk) ^ fa{J2 i^kVk) for each a ^ A. Then the functional f ^ fo (where 

k=l k=l 

e .4 is the root of the tree A) satisfies the desired property. 

For a A which is maximal the functional ga is of the form ga = exi where 

e £ { — 1,1} and / is a subinterval of {1,2,... 2pj}. We set fa — sJ^Vk ^^'^ 

fee/ 

desired equality holds since yliyk) = 1 for each k. Let now a S ^ be non maximal 
and suppose that the functionals {ff3)i3i^Sa have been defined. The functional ga 
has an expression ga = J2 9l3 ^'^^^ #5*0 < nq, for some q € N. We set 

pes a 

fa = — Y fl3- Then fa G Kd while the required equality is obvious. The 

inductive construction is complete. □ 

Before passing to the proof of the right side inequality of ([8]) we need some 
preliminary lemmas. 
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M 

Lemma 7.1. Consider the vector x = jj J2 ^''^ the auxiliary space T' (recall the 

1=1 

the auxiliary space T' and its norming set W have been defined in Definition l4.6p . 
Then 

(i) If either / £ W with w{f) > TO2i+i or / is the result of an {A4n2i+i, 
operation then 

1/(^)1 < ^ 



V with w{f) < n. 

operation then 



(ii) If either / £ W' with w{f) < m2i or / is the result of an (^4„2. , 



1/(^)1 < 



w{f) ■ m2i ' 



Proof. Part (i) is obvious. In order to prove part (ii) consider / £ W' such that 
either w{f) < m,2i or / is the result of an (^4„2i, operation. In either case 

d 

the functional / takes the form / = ;;^4tt ^ fk with /i < /2 < • • • < /d in W and 

' k=i 

d < 4n2.. We set Dk = {I : \fk{ei)\ > for k ^ 1,2, . . . ,d and D ^ [j Dk. 

/c— 1 

From the claim in the proof of Lemma [4771 we get that ^{Dk) < (4n2i-i)'' for each 
k, thus #(Z?) < 4^2, • (4n2»-i)^ 

Taking into account that M > (4n2i)^ > 4n2i • (4rt2j-i)^ • we deduce that 

\f{x)\ < \fiD{x)\ + \fiin\D){x)\ 

^ 1 / 4n2i ■ (4Ti2i-i)'^ 1 \ 



< 



w{f) V M m2^ 

2 



w{f) ■ m2i 



□ 



Lemma 7.2. For 1 < fc < 2pj we have the following 
Kd wi 

operation then 



i) If either / £ Kd with w{f) < m2i or / is the result of an {An2i, :;^) 



54 

\f{yk)\ < 



(ii) If either / £ with w{f) > rn2i+i or / is a 2i + 1 special functional 
(i.e. / = Eh where h is the result of a (^n2s+i j operation on an ri2j+i 
special sequence) then 

18m2i 36m2i 19 
\f{yk)\ < —TFT- + —r;- < • 

w[f) M m2i 

In particular \\yk\\ < 36. 

Proof. From Remark 14.201 it follows that the sequence (a;r)reN (and thus every 

subsequence) is an (18, — ) R.I.S. The result follows from Proposition 14. 101 and 

"21+1 

Lemma 17.11 □ 
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Proof of the left side inequality of ([8]). Let / £ Kd- We fix a tree {fa)aeA of 
the functional /. Wc set 

B' = {a <^ A: /a is a 2i + 1 special functional}. 

Let (3 E B' . Then the functional takes the form 

fl3 = ei3 — E{(j)i H + V/o + l H 1- V'ria.+i) 

where G {—1, 1}, E is an interval of N and (0i, . . . , V'/o+ii • ■ • ' V'n2i+i) is an 
n2i+i special sequence with V'/o+i <^/o+i- -F'o'^ and //j as above, we set 

Ifj^ {ke {1,2, . . .,2pj} : suppyfe C ranE{(j)i H 

Let 

B^{f3£B': Ip^^}. 

We notice that 

(i) For every (3 G B, the set Ip is a subinterval of {1,2,..., 2pj}. 

(ii) For Pi, (32 G ;B with /3i ^ (32 we have that Ip^ n //jj = 0. In particular 

(iii) For every /3 g S we have that /;3( Mfe2/fc) = £^3 I] Mfc- 
We set 

Claim 1. We have |/( l^kyk)\ < 3 • || Mfc^fclL/To- 

Proof of Claim 1. We partition the set B into two subsets as follows: 

Bi = {7 e S : there exists P £ B with /3 7} 
B2 = {7 e S : /3 ^ S for every /3 7}. 

We shall first estimate |/( Mfc^fc)!- Let 7 G Si and consider (3 € B with 

/? 7. The functional is, as we have mentioned before, of the form 

//3 = e/3— £'(01 H +'(/';o+i H ^ V^"2.+i) 

with (/);o+i 7^ i^io+i- Then supp/-y C supp'0; for some ^ > /q + 1- Since -0; is not a 
special functional we obtain that fjy^ipi- Thus 

Al ^ ^ J --y 

From the definition of special functionals we get that w{ipi) > w(0i) > ^2i+i- We 
also have that \fj{ Y fJ'kyk)] = | J2 Mfcl < max |^fe| • #(/-,). Thus 

fee/.^ fee/^ 



STRICTLY SINGULAR NON-COMPACT DIAGONAL OPERATORS ON HI SPACES 37 



We conclude that 

7eBi keij leBi kei^, 7661 ""Sj+i 

2pj 



< maxl/ifel • < maxl^fel < II V'^feifel 

k ni- ' k ^ — ' 



2i+l 



'To- 



k=\ 



Our next estimate concerns |/( ^ ^ /ife?;fc)|. From the definition of Bi, its 

elements are incomparable nodes of the tree A. We consider the minimal complete 
subtree Al of A containing B2, i.e. 

A! ^ {a<^ A: there exists f3 £ B2 with a ^ /?}. 

For every a G y^' we set 

As follows from the definition of the sets 1(3, for every non maximal a E A' , the sets 
{Rl3)f3eSanA' are pairwise disjoint. 

For every a S we shall construct functionals ga,ha G coo(N) such that the 
following conditions are satisfied: 

(i) supp5a C Ra and suppft-a C Ra- 

(ii) ga € £'0 (the norming set Dq of the space Jtq has been defined in Definition 
m and WhaWoo < 

(iii) 9a{ J2 t^ktk) > and ha{ J2 ^^ktk) > 0. 

keB.a keRa 

(iv) \fa{ J2 f^kyk)\ < {ga + ha){ J2 t^ktk)- 

keRa keRa 
The construction is inductive starting of course with the maximal elements of 
A', i.e. with the elements of 62- 
1 = inductive step 

Let P e 82- Then //j is a 2i + 1 special functional, Rp — and |/^( J2 t^kVk)\ — 

keRp 

I Mfcl- We set £ = sgn( ^ (1^), gp — e ■ xi^ and ha ~ 0. It is clear that our 

keRii keRfi 

requirements about gp, hp are satisfied. 
General inductive step 

Let a £ A' , a ^ B2 and assume that for every 76 Sa A' the functionals g^, h^ 

have been defined satisfying the inductive assumptions. We distinguish three cases. 
Case 1. /a is not a special functional. 

Let /a = 7^ E f-r ^ith < Up. We set 

ffa = — E 5/3 and ha = — ^1 ^0- 

^ -yeSanA' P teSanA' 
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Conditions (i), (ii), (iii) are obviously satisfied, while, since Ra — tj -^77 
get that 



\fa{J2 Hkyk)\ = 1^ XI fJ'kVk)] 

^ ^ H IA( J2 ^'kyk)\ 

^ -yeSafiA' keR-y 

- J2 i9^ + f^i)iJ2^''*>'^ 



Tfi 

^ 1^Sar^A' keR-, 

= {ga + /la)( X] 

keRa 

Case 2. is a 2g + 1 special functional for some q> i. 

Then /„ = ea:^^E{(j)i V'/o+i + • • • + V'n2,+i)> with (^i^+i 7^ V/0+1 (func- 

tionals of the form (pr in the expression above may appear only if g = i; if g > j 
then ^0 = 0). li q > i then a ^ B' , hence it has no sense to talk about la- In 
the case q = i from the definition of the set B2 we get that = 0. Similarly to 
the proof concerning Si, wc obtain that for every P € B2 with a ~< l3 there exists 
^ > + 1 such that supp fp C supp ipi and 

\fa{Y^ tikyk)\ < -maxl/xfcl • #(//3). 

k^, fee^^ 

Therefore 

l/a( X - X \faC^^^kyk)\<^ -maxl/Xfel- 

^ 2pj 1 

< „ • max kxfe < • max \Hk\- 

We select ka S .Ra such that \iJ.k^ \ = max and we set 

keRa 

ga = and ha = sgn{fik, ) • ■ 1% . 

?^2q+l 

Case 3. /a is a 2g + 1 special functional for some q <i. 

Then /„ takes the form /„ = ea-^E{f^^ + • • • + /^^) with d < n2q+i- Similarly to 

the proof concerning (3 & B\, for every /3 £ B2 with a ^ (3 there exists s such that 
supp//3 C supp/^,, while 

kelp keh 

Let So be such that w{f^^^ ) < m2i+i < w{f-y,^j^i ) ■ From the definition of the special 
sequences and the coding function ct, we get that 

U '^^'^/t, ) < maxsupp/^,^_i < w{f^^^) < m2i+\. 

^ s=l ' 

Since for each k we have that #supp2/fe > M > m2i+i, it follows that for every 
s < So there is no /? e B2 such that supp C supp /-y, . 



STRICTLY SINGULAR NON-COMPACT DIAGONAL OPERATORS ON HI SPACES 39 



If s > So and P € B2 are such that supp /a C supp /^^ then 



If-TsiY] tJ'kyk)\ < -7^l//3(y) ^^kyk)\ < — ^ • max|/Xfc| • #(/^). 



We select fca € (J R-y^ such that [i-ikj = iiiax{|/ife| : k G [J Rj^}. 

S>So S>So 

If there is no /3 e B2 such that ^ /3 then we set 



ga = and ha = sgu{ij,kj ^ it. 



If there exists (3 & B2 such that -< /3 then the functional and hsg have been 
defined in the previous inductive step. We set 



9a = gso and ha = hs^ + sgn(/Xfc„ ) • — ^ tt 

m2i+i 



Conditions (i), (ii), (iii) are easily established; we shall show condition (iv). We 
assume that there exists (3 G B2 such that ^ P (the modifications are obvious 
is no such (3 exists). 



|/a( X] ^fe2/fe)l < l/7=o( ^^kyk)\ + Y \f-fsi Y M'kyk)\ 

keRa keR-,eg s>so keR-,e 

H max |/Ufc| • if{RjJ 

< 9so{ Y y'kik)+hsa{ X /^fcife)H J |/ifej-2pj 



1 

m2i+i 



+ sgn(/ifcj 3— • ( V Hktk) 

keRa 

{9a + /la)( X '"fe^fe)- 

feeKa 



The inductive construction is complete. 
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For the the functionals go, ho corresponding to the root G ^ of the tree A, 
noticing that Rq = (J Ip, we get that 

/3GB2 

\f{^ ^ fj'kyk)\ = \f{^ iJ'kyk)\<{go + ho){^ ij,ktk) 

/3GB2 kel0 keRo keRo 

< ffol V Mfei/c) H max |;Ufe| • #(ii!o) 

k^Ho 

m2j+l l<k<2pj 

< liy^MftifelljTo max |/Xfe| 

k=i iSi'S^Pi 

< 2.||^/Xfeifc||j,^. 

fe=i 

Therefore we get that 

keF 7GB1 kei~, /3eB2 keiu 

2pj 2pj 2pj 

k=l fe=l /s=l 

and this finishes the proof of Claim 1. □ 
Next we shall estimate |/( Mfeyfe)!- We clearly may restrict our intention to 

k^F 

k G D where 

D = {A: G {1,2, . . .,2pj} : k ^ F and supp/ n suppt/fe ^ 0}. 

In order to estimate /( ^ fikVk) we shall split the vector yk, for each k £ D, into 
fceD 

two parts, the initial part y'f, and the final part y'^. The way of the split depends 
on the specific analysis {fa)aeA of the functional / that we have fixed. 

Definition 7.3. For k E D and a e ^ wc say that fa covers yk if 

supp(/a) n supp(iyfc) = supp(/) n supp(yfe). 

Next we introduce some notation which will be used in the rest of the proof. 

Notation 7.4. We correspond to each yk, for k G D, two vectors j/j^, y'^ defined as 
follows. 

Case 1. # ^ supp(/) n supp(yfe)^ = 1. 

Then there exists a unique maximal node ak G A such /^^ = e^^ covers yk- In this 
case we set y'^ = yk and y'k =0. 

Case 2. supp(/) n supp(yfe)^ > 2. 

Then there exists a unique node ak G A such that fa^ covers yk but for every 



STRICTLY SINGULAR NON-COMPACT DIAGONAL OPERATORS ON HI SPACES 41 



(3 e Sa^ , fp does not cover yk ■ Let 

{(3eSa: supp(//3) n supp(yfc) 7^ 0} = {/3i,/32, • • • 

with //3i < /& < • • ■ < //3d- We set 

^fc yfe|[i,maxsupp/3j and y'l = yk-y'k- 

Remark 7.5. The estimates given in Lemma [7.21 for the vectors j/fe, 1 < fc < 2pj, 
remain vahd if we replace, for each k € D, the vector yk by either the vector y'f, or 
by the vector y'^. 

The anafogue of Definition 17. 3[ concerning the vectors y^., y'^ is the foUowing. 

Definition 7.6. For k ^ D and a G -4 we say that fa covers y'f. if supp(/a) n 
supp(j/^) = supp(/) n supp(?/^) while we say that fa covers y'^ if supp(/a) n 

supp(yfc) = supp(/) n supp(y;;;). 

The property of the sequences {y'f,)keD and {yk)keD which will play a key role 
in our proof is described in the following remark. 

Remark 7.7. (i) Suppose that k E D and a G ^ is a non maximal node such 
that fa covers y'f. but for every (3 £ Sa, fp does not cover Then there 
exists a node Pk G Sa (not necessarily unique) such that 

supp(//3j n supp(2/fe) 7^0 

and 

supp(//5^) n supp(?;;) = for alH g _D with I ^ fc. 

(ii) The statement of (i) remains valid if we replace the sequence {y'i)ieD with 
the sequence {y'/)i^D- 

Claim 2. We have that 

(a) \f{E t^ky[)\<73-\\j: fiktkli^,. 

keD fc=l 

(b) |/(E ^^kyl)\<^i■\\Y.^^ktk\\J^,■ 

keD k=l 

Proof of Claim 2. We shall only show (a). The proof of (b) is almost identical; 
only minor modifications are required. 
For each a G we set 

Da = {k e D : fa covers y'^}. 

Setting A' = {a E A : Da 7^ 0}, we observe that A' is a complete subtree of the 
tree A. We shall construct two families of functionals {ga)aeA' and {ha)aeA' such 
that the following conditions are satisfied for every a & A' . 

(i) suppga C Da and supp /la C Da, while suppga n supp /la = 0. 

(ii) ga £ Do and || 

(iii) ga{ J2 l^ktk) > and ha{ J2 l^ktk) > 0. 

keDa keDa 

(iv) |/( E t^ky'k)\<i7'2ga + ha)i E t^ktk). 

keDa keDa 
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For a e A' which is non maximal in A' , we set S'^ — SaCiA' ~ {P e Sa ■ Dp ^ 0}. 
Observe for later use, that the sets {Di3)p^s'^ are successive and pairwise disjoint. 

The construction of {ga)aeA' and {ha)aeA' is inductive. Let a G A' and suppose 
that for every P d A' , (3 a the functionals g/j, /i^ have been defined satisfying 
conditions (i), (ii), (iii), (iv). We distinguish the following cases. 
Case 1. a is a maximal node of the tree A. 

Then fa is of the form fa ~ , while the set Da is a singleton, Da = {ka}- We 

set Qa = sgn(/ifc^) • t*f^ and ha — 0. Conditions (i), (ii), (iii) are obvious, while from 
Remark 17.51 and Lemma 17.21 we get that 



l/a( ^'*^y'k)\ = lMfeJ-|/a(2/feJI < iM/cJ-bLll < 36-l/ifeJ < {J2ga + ha){ ^ Mfet/c). 

Case 2. w{fa) > m2i+i. 

Then from Remark 17.51 and Lemma [7.21 we get that \fa{yk)\ 1^ for every k S 

Da, thus, taking into account that ^{Da) < 2pj and that from our choice of i, 
38pj < r7i2i-i, it follows that 

|/a( V ^iky'k)\ < max l^fcl • < max \nk\ —■ 

keDa m2i keDa m^i-i 

We select ka G Da with \^kA = max and we set ga = and /la = sgn(/ife^) • 

k^Da 

m2i-l '^a ' 

Case 3. /a is the result of an {Aup, -^) operation for some p < 2i. 
Let fa^^ fp with ^Sa < Up. We set Ta = Da\ U Dp. 

From Remark 17.71 for each k G Ta there exists (3k G 6*0 such that supp(//3j.) n 
supp(y^) 7^ and supp(//3^) n supp(y;') for every I G D, I ^ k. This implies 
that f3k & Sa\ S'a- Since clearly the correspondence 

Ta ^ *S'a \ Sa 

k ^ I3k 

is one to one, it follows that + #5^ < #5*0 < Up. We set 

= H 5/3 + 51 sgn(Mfe)ifc) and /^a - '^/S' 

From our last observation and the inductive assumptions it follows that ga G Dq, 
while, again from our inductive assumptions, we have that ||/ia||oo < ^ and 

9a{ l^ktk) > 0, ha{ J2 i^ktk) > 0. 

fee-Da keDa 
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For every k e Ta, Remark [731 and Lemma O yield that \fa{y'k)\ < ^ < ^■ 
Therefore 

i/a( E ^'^y'^)\ ^ E E ^'^y'k)\ + E \fMk)\ 

1 72 

< E (725/3 + /j/3)( ^ /^fcife)+ 51 lA^fcl • 

keDa 

Case 4. /a is a 2i + 1 special functional. 

Let fa = eQ;;^£;(0i H + i/'io+i H 1- V'd), where ^ V'lo+ii < "2j+i 

and maxi? = maxsupp7/>rf. From the definition of the sets F = [J If} and D — 

{k : k ^ F and supp(/) n supp(yA;) ^ 0} we get that the set 

R= {k e Da ■■ fa covers y'^. and suppE{(j)i H h 0/o) n supp(y^) ^ 0} 

contains at most two elements (i.e. < 2). We set 

5a = ^ E sgn(Mfc)ifc- 

keR 

We observe that |/q( fJ-ky'k)\ < 36 lA^fcl = 72.ga( Mfe^fe)- 
fcei? fcs-R keR 

kM 

Since yfc = 2;^, the vector y'f. takes the form 

r=(fe-l)M+l 

y'k = ■^M^(2^(fc-i)A/+i + • • • + iCs-i + a^'s) for some s < kM where x'^ is of the form 
x'g = [minsuppXs, mjxg. 

Let k € Da \ R. In order to give an upper estimate of the action of fa on y^, 
we may assume, without loss of generality, that x'^ — Xg- Since {xr, (f>r)r=i^ is a- 
(6, 2i + 1) dependent sequence we have that w{ipi) ^ w{(pr) for all pairs (/, r) with 
{l,r) ^ {lo + 1,^0 + 1), while \tpig+i{xig+i)\ < ||a;io+i|| < 6. It follows that 

\Uyk)\ < ^l( E E 

^^^0 + 1 r^{k-l)M-\-l 
s d 



r=(k-l)AI+l l=lo + l 



< 

- M 



< 



r = (fc-l)M+l W{lpi)<w(<pr) W(4>i)>w{4>r) 

1 



TO2i+l 



Thus 



|/a( V Aife^fe)! < , max^ lAifcl • 2pj • < niax |^fe| • — . 

/r;^ k£D^\R m2i+i feeDa\-R TO2i 
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We select ka £ Da\R such that = max \^k\ and we set ha = sgn(^fe^) 

keDa\R 



1 _ 

m2i ka 



We easily get that 

|/a( J2 t'^y'k)\ ^ (72.9, + ha){ J2 ^'ktk) 



k£Da k£Da. 



while inductive assumptions (i), (ii), (iii) are also satisfied for the functionals ga^ 
ha- 

Case 5. /a is a 2(7 + 1 special functional for some q < i. 

Let fa = ea:^{ffi, + /ft H + //jj, where d < n2q+i{< n2i-i)- We set 



^0 = min{Z : maxsupp//?, > min supp y'j^ } . 

Then using our assumption that minsuppxi > m2i+i (see the choice of the depen- 
dent sequence (xr, 4>r)r=i^ m the beginning of the present section), the fact that 
minsuppt/5. = minsuppxi and the definition of the special sequences, we get that 

m2z+i < minsuppy'i < maxsupp/^Si^ < w{fi3^^^J. 

Thus for every fc, using Lemma l7.2f ii) and Remark 17.51 we get that 



l=lo + l 1=1, 



< 18m2i 1- n2i-i ■ —71— 

m2.i+2 M 

^ 2 
~ m2i ' 

This yields that ^ f \fp^(y'^)\<2p,-^<^. 

k<£Da l=lo + l 

We observe that there exists at most one fco E Da \Dp^ such that supp n 
suppy^.^^ 7^ 0. Without loss of generality, we assume that such a fco exists. We set 

We select ka E Da \ {Dp^^ U {fco}) such that \iikj = niax{|^fc| : k e Da \ {Dp^^ U 
{fco})} and we set 



ha = hp + sgn(^fej tl 

m2q " m2i-l 
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Then conditions (i), (ii),(iii) are obviously satisfied, while 



^'0 

E E \f^Mk)\ 



+36|/XfeJ 



m2i-i 



< (725a + ha){ E f^ktk) 



keDa 



The inductive construction is complete. 

For the functionals go, ho corresponding to the root G ^ of the tree A, and 
taking into account that Do = D, we get that 



Ifi^fJ-kyk)] < 72 ■ go{^ fiktk) + ho{^ Hktk) 

keD keDo keDo 

< 72- go{y^^f^ktk) + nrd.x\fj,k\-2pj ■ 



k=l "^2,-1 



2pj 



72 • W^UktkWjTo +max|/ife| 



< 

fc=i 

< 73-||EMfcife||jTo- 

fe=i 

The proof of the claim is complete. □ 
From Claim 1 and Claim 2 we conclude that 

i/(E™)i < i/(E™)i + i/(E^fc2^fe)i + i/(E'^''^y^')i 

fc^l fceF keD keD 

2pj 2pj 2p j 

< 3 • II E Mfcifcll Jto + 73 • \\j2^'ktk\\Jro + 73 • II E A^fe^/cll 

k=l k=l k=l 

2p, 

< 150 ■\\J2^^ktk\\ Jr„- 

k=l 

This completes the proof of the right side inequality of ([8]) and also the proof of 
Theorem HH □ 
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